Abstract-Computer simulations based on the finite element method represent powerful tools for modeling blood flow through arteries. However, due to its computational complexity, this approach may be inappropriate when results are needed quickly. In order to reduce computational time, in this paper, we proposed an alternative machine learning based approach for calculation of wall shear stress (WSS) distribution, which may play an important role in mechanisms related to initiation and development of atherosclerosis. In order to capture relationships between geometric parameters, blood density, dynamic viscosity and velocity, and WSS distribution of geometrically parameterized abdominal aortic aneurysm (AAA) and carotid bifurcation models, we proposed multivariate linear regression, multilayer perceptron neural network and Gaussian conditional random fields (GCRF). Results obtained in this paper show that machine learning approaches can successfully predict WSS distribution at different cardiac cycle time points. Even though all proposed methods showed high potential for WSS prediction, GCRF achieved the highest coefficient of determination (0.930-0.948 for AAA model and 0.946-0.954 for carotid bifurcation model)
I. INTRODUCTION

S
TROKE is one of the most common causes of death worldwide. Often it occurs as a result of carotid artery stenosis, which may produce infarction by embolization or thrombosis at the site of narrowing. Local hemodynamics, affecting both thrombosis and embolization processes, can be investigated by computer simulations.
There are many factors that may increase the risk of stroke, such as systolic and diastolic hypertension, cigarette smoking, diabetes, etc. It has been shown that stenosis may occur as a consequence of geometrical vessel dimensions changes in the region of the carotid bifurcation [1] , [2] . In fact, these geometrical changes affect blood flow and, thus, the entire local hemodynamics, including wall shear stress (WSS) distribution. Large changes of the WSS values may affect the embolic mechanism by which carotid lesions can induce stroke [3] .
An aneurysm is a blood-filled balloon-like bulge in the blood vessel wall usually growing at regions of low WSS [4] . Its rupture can cause severe hemorrhaging and even death. It has been shown that hemodynamics plays a fundamental role in the mechanisms of initiation, growth, and rupture of aneurysm [5] .
A number of papers show that WSS has significant impact on atherosclerosis emergence and development processes [6] , [7] . Therefore, calculation and analysis of this quantity is of great importance. Simulations based on the finite element (FE) method can accurately calculate WSS distribution. However, this approach may be prohibitively computationally costly in medical applications when results should be provided quickly. For this purpose, alternative approaches based on machine learning algorithms may be more suitable. It has been shown that several machine learning algorithms like neural networks, linear regression, k-nearest neighbors, random forest, and support vector machine have high potential for modeling relationships between WSS and parameters of geometrically parameterized models of abdominal aortic aneurysm (AAA) and carotid bifurcation [8] , [9] . However, these algorithms are all unstructured predictors and do not account for spatial dependencies between output variables (WSS). In addition, previous studies [8] , [9] were based on steady state simulation and do not incorporate temporal evolution of WSS.
Unstructured regression is designed to model input-output dependencies disregarding relationships among outputs. Multivariate linear regression (MLR) and multilayer perceptron (MLP) neural network are two techniques commonly used for unstructured regression problems. Unlike MLR, which is a simple model that uses a linear combination of predictor variables to model a continuous response vector, MLP is a complex model in which data from predictor variables flow through a network consisting of multiple layers of nodes called neurons providing the response vector at the output. On the other hand, Gaussian conditional random fields (GCRF) are a type of structured regression model that incorporates multiple predictors and multiple graphs [10] . One of the main problems with structured regression is related to the fact that models are usually not convex and thus, they do not guarantee global optimum and efficient optimization. It has been shown that if the relationships among the outputs are represented in a specific form, then the traditional continuous conditional random field model has the form of a multivariate Gaussian distribution, which facilitates learning and inference. So far, different extensions of GCRF have been developed [11] , [12] and GCRF has been successfully applied for solving various challenging problems [13] , [14] .
In this paper, we evaluated two unstructured prediction models, MLP neural network and MLR, as well as a GCRF model to capture temporal relationships between geometric parameters, blood density, dynamic viscosity and blood velocity (input variables), and WSS distributions (output variable). To analyze the influence of previously mentioned input variables on WSS distributions in the human carotid bifurcation and AAA, computer simulations were run to generate data pertaining to this phenomenon. In this paper, we test the following two hypotheses: 1) WSS distributions at different cardiac cycle time points for geometrically parameterized models of AAA and carotid bifurcation can be modeled by using machine learning approaches.
2) The use of GCRF model for capturing spatial relationships may lead to improvement in overall WSS distributions prediction accuracy when comparing to unstructured predictors.
II. METHODOLOGY
A. Datasets
In order to demonstrate the applicability of machine learning techniques for capturing relationships between geometric parameters, density, viscosity and velocity, and WSS distribution, datasets containing 4000 samples for both AAA carotid bifurcation models were created by using in-house software packages [15] , [16] . Input variables (predictors) were chosen based on their known influence on WSS calculation. In particular, shear stress in a general laminar flow is proportional to the gradient of fluid velocity in the direction perpendicular to the flow where the dynamic viscosity is a constant of proportionality. In computational fluid dynamics (CFD), governing equations for the blood flow in lumen domain are three-dimensional NavierStokes equations (which incorporate the density of the blood and dynamic viscosity) together with the continuity equation [16] . The solution, for a particular set of boundary conditions (e.g., prescribed inlet velocity profile which simulates cardiac cycle), provides the fluid velocity in a given geometry, which is in our case defined by geometric parameters. Sampling is performed from uniform distributions with perturbation of each parameter up to 30% of the corresponding mean values [16] . Tables I and II show the mean values of input variables used for sampling of AAA and carotid bifurcation model parameters, respectively.
The geometric parameters shown in Figs. 1 and 2 were used to generate internal blood vessel surfaces. Generated surfaces represent the boundaries for blood flow domain. We assumed that both AAA and carotid bifurcation have the same symmetry plane. Therefore, FE models were generated for half of the domain, but the results can be presented for the entire domain.
Unsteady simulations with parabolic inflow velocity profiles were undertaken and WSS distributions for each geometry were computed for 10 time steps (N t = 10). We assumed the entering flow was pulsatile, with a typical waveforms shown in Fig. 3 for AAA [17] and carotid bifurcation [18] models. For each [17] and carotid bifurcation [18] models. Inlet peak systolic velocity (PSV) corresponds to t/T = 0.305 and t/T = 0.1 for AAA and carotid bifurcation models respectively, where t/T is the relative time with respect to the cycle period T. generated sample of both aneurysm and carotid bifurcation models, peak systolic velocity is sampled from the uniform distribution (bounded with 30% perturbation of the corresponding mean value) while velocity values in other time steps are calculated by multiplying the sampled peak systolic velocity value with the corresponding function given in Fig. 3 . Mean values of the peak systolic velocity for aneurysm and carotid bifurcation models are adopted from [17] and [18] , respectively.
All velocity components at the fixed walls are set to be zero. Similarly, the velocity components at the plane of symmetry in the direction normal to the plane, are set to zero. It is assumed that the end cross-sections of both AAA and carotid bifurcation models are stress-free, i.e., normal and tangential stresses are set to zero. The flow was assumed to be laminar, Newtonian, and incompressible. Also, the walls are assumed to be rigid. All calculations were performed using an open source FE program for fluid flow and fluid-solid interaction -PAK [15] . The CFD postprocessing results give an insight into the local hemodynamics and the blood mechanical action on the vessel walls, including the distribution of WSS.
In order to test whether the accuracy of the proposed machine learning based method for prediction of WSS distribution depends on the mesh resolution, we generated three datasets, each containing 4000 samples, with different mesh resolutions for both AAA and carotid bifurcation models. In these datasets, generated samples of the AAA FE model contain 375, 1125, and 2205 nodes, where 195, 597, and 885 lie on the wall surface, respectively. On the other hand, samples of the carotid bifurcation FE model contain 1854, 3877, and 5641 nodes, of which 642, 1303, and 1987 lie on the wall surface respectively. By using CFD simulations, WSS values were calculated in all surface nodes at the vessel wall for all datasets and for all samples for 10 time steps (N t = 10; t/T = {0.1, 0.2, . . . , 1}, where t/T is the relative time with respect to the cycle period T ). 
B. Unstructured Regression
Let us denote by
where Y is a MxN matrix with a series of multivariate measurements, X is a MxP design matrix, W is a PxN matrix containing parameters to be estimated, and is a matrix containing errors or noise. The errors are assumed to be uncorrelated across measurements.
2) MLP Neural Network:
The MLP is a prediction model consisting of an input layer, one or more hidden layers and an output layer of simple elements called neurons. Neurons between different layers are connected with parameters called weights, which should be estimated through an optimization procedure (training). The objective of the training is to find a set of neural network parameters that minimize the error between the neural network predictions and the desired outputs. The most commonly used optimization algorithm for learning the parameters of neural network is the back-propagation algorithm [19] . However, the basic version of this algorithm has problems with slow convergence and local minima. For this purpose, a number of variations of the standard algorithm have been developed. In this study, we used the backpropagation algorithm with momentum and adaptive learning rate since it has been shown to be effective for the prediction of the WSS distribution [8] , [9] . In each iteration of the this algorithm, parameters of the MLP are adjusted according to the following formula:
where W is a parameter vector, ΔW new and ΔW prev are the new and previous change of the parameter vector, respectively, m c is a momentum constant, l r is a learning rate, and E is the objective function which defines how much real outputs disagree with predicted ones (e.g., mean squared error). In each iteration (epoch) of the learning process, the learning rate is adjusted according to l inc r , l dec r , and max inc parameters. Concretely, if performance decreases toward the goal, the learning rate is increased based on the l inc r parameter. On the other hand, if performance increases by more than the value defined by the max inc parameter, the learning rate is adjusted based on the l dec r parameter.
In this study, we used an MLP neural network with ten neurons in a single hidden layer and sigmoid activation functions in hidden and output neurons. The stopping criterion was defined as the maximum number of learning epochs (1000). The values of other parameters were: l r = 0.01, m c = 0.9, l inc r = 1.05, l dec r = 0.7, and max inc = 1.04.
C. Structured Regression
A structured learning approach tries to simultaneously predict all outputs given all inputs and relationships among outputs. Structure learning methods can exploit correlation among output variables, which often gives benefits compared to unstructured learning methods. In other words, while traditional, unstructured models use only input information x to predict y i , structured learning models use the additional information about y j , for all j related to i. This prior information about interplays between the outputs y is application-specific and depends on prior beliefs of a practitioner about which relationships might be useful.
Conditional random fields (CRF) is a type of discriminative probabilistic graphical model designed to predict structured output. Originally, CRF were proposed for classification of sequential data [20] .
The conditional distribution P (y|x) for CRF can be represented as
where A(α, y i , x) is an association potential with parameters α, I(β, y i , y j , x) is an interaction potential with parameters β, i ∼ j denotes that y i and y j are connected by an edge in the graph structure, and Z(α, β, x) represents a normalization function. In general, the output y i is associated with a vector of observation x by an association function, while relationships among outputs can be modeled by an interaction function. Association and interaction potential are usually defined as linear combinations of a set of feature functions over K-dimensional parameters α and L-dimensional parameters β [20] :
Feature functions are convenient since they allow one to model arbitrary interplays between inputs and outputs. In this way, any potentially relevant feature may be included to the model since their relevance is automatically determined through the parameter estimation process.
The learning task is to determine values of parameters α and β to maximize the conditional log-likelihood of the set of training examples:
On the other hand, given estimated parametersα andβ and inputs x, the inference task is to find the point estimateŷ of outputs y such that the conditional probability P (y|x) is maximized:ŷ = argmax y (P (y|x)).
Models with real valued outputs pose quite different challenges with respect to feature function complexity compared to discrete-valued case. CRFs were originally designed for classification problems where the normalizing function Z is finite and defined as a sum over finitely many possible values of y. On the contrary, for regression, Z must be an integrable function. In general, providing that Z is integrable can be very difficult and computationally expensive due to the complexity of association and interaction potentials. However, the association and interaction potentials could be designed in a way that allows efficient learning and inference.
The selection of appropriate feature functions in CRF is a manual process which is usually application-specific. However, the choice of features is often constrained to simple constructs to reduce the complexity of learning and inference from CRF. Let us assume we are given K unstructured (baseline) predictors, R k (x), k = 1, ...K, that predict single output y i relying on any subset of x. To model the dependency between the prediction and output, we use quadratic feature functions:
These feature functions follow the basic principle for association potentials, i.e., their values are large when predictions and outputs are similar. To model the correlation among outputs, we use the quadratic feature function:
where e ij = 1 if an edge exists between output y i and y j in the graph G l , and e ij = 0 otherwise; S l ij (x) represents the similarity between outputs y i and y j and in general depends on inputs x. The larger the value of S l ij (x) is, the more similar the outputs y i and y j are. It should be noted that using multiple graphs G l can facilitate modeling of different aspects of correlation between outputs.
In this way, the exponent of the probability distribution P (y|x) is a quadratic function in terms of y. Therefore P (y|x) can be transformed into the multivariate Gaussian distribution N (μ(x), Σ(x)):
where Σ and μ are covariance matrix and mean vector, respectively. Therefore, the resulting conditional distribution is Gaussian with mean μ and covariance Σ. We observe that Σ is a function of parameters α and β, and interaction potential graphs G l , while μ is also a function of inputs x. The resulting CRF is the Gaussian CRF. Since the model is Gaussian, the inference is straightforward, i.e., the prediction is expected value, which is equal to the mean μ of the distribution:
III. RESULTS
A. Evaluation Procedure
In this paper, we employed two unstructured models, MLP neural network and the MLR model, as well as GCRF, in order to predict WSS distributions through time. For training the GCRF model, we randomly chose 70% of total data and remaining 30% of data was used for testing. Since we use predictions of both unstructured models MLP and MLR as inputs to GCRF, we applied fivefold cross validation on the training set. First, for both AAA and carotid bifurcation, we split the training set into five subsets (D i , i = 1, . . . , 5) In order to employ the GCRF model to predict WSS distribution, we define the similarity matrix (graph) between different surface nodes. Let S i = (x i , y i , z i ) and S j = (x j , y j , z j ) be coordinates of the ith and jth surface nodes, respectively. The distance between two nodes is calculated as the Euclidean distance:
In order to eliminate noise in the similarity matrix, we eliminated similarities of some nodes that are far away from each other. We calculate similarity matrix between the ith and jth node as
where min d , and μ d are minimum and mean values of all distances between nodes, respectively. For each training example and for each time step, we trained a different GCRF model. In this way, we estimated different parameters α and β for each training example. Our proposed model predicts the target values for a test example in the following way. First, it finds the most similar training example (the nearest neighbor) and then uses its estimated parameters α and β to predict the evolution of WSS distributions through time.
We evaluated the performances of the proposed models by computing their coefficients of determination R 2 . In a general form, R 2 can be seen as the fraction of unexplained variance. In order to define the coefficient of determination at tth time step 
where N test is the number of testing examples, N surf is the number of surface nodes, and y t i (j) is the WSS value for jth node at tth time step of ith example calculated by the finite element method (FEM). The sum of squares (proportional to the variances) SE t i for the ith example at time step t is calculated as
The residuals are defined as a squared error of the ith example at time step t:
whereŷ t i (j) is the predicted WSS value for jth surface node at tth time step of ith example. Finally, the coefficient of determination R 2 t at tth time step is calculated as
B. Performance on AAA and Carotid Bifurcation
In order to make a fair comparison, we trained unstructured models (MLP neural network and MLR) on the same data used for GCRF training. Tables III and IV Tables III and IV) . Even though the MLP outperforms the MLR on all datasets, results given in Tables III and IV indicate that both the MLP (better) and the MLR (worse) can be used to predict WSS distribution through time. This confirms the first hypothesis of our paper that WSS distributions at different cardiac cycle time points for geometrically parameterized models of AAA and carotid bifurcation can be modeled by using machine learning approaches.
In addition, Tables III and IV show that the GCRF model achieved higher accuracy compared to unstructured predictors (MLP and MLR) on both datasets. More precisely, on the AAA(375) dataset, the GCRF outperformed the MLP model in eight out of ten time steps, while on the remaining two steps they achieved the same accuracy. Furthermore, on AAA(1124) dataset, the GCRF achieved higher accuracy compared to the MLP model in eight out of ten time steps, while on one step they achieved the same accuracy. Similarly, on the AAA(2205) dataset, the GCRF achieved higher accuracy compared to the MLP model in nine out of ten time steps, while on the remaining step they achieved the same accuracy. Similar results can be observed on the carotid bifurcation dataset. More specifically, on Carotid(1854) dataset, the GCRF outperformed the MLP model in six out of ten time steps, while they achieved the same accuracy in three steps. Similarly, on the Carotid(3877) dataset, the GCRF achieved higher accuracy compared to the MLP model in four out of ten time steps, while they achieved the same accuracy in five time steps. On the Carotid(5641) dataset, GCRF outperformed the MLP model in three out of ten time steps, while they achieved the same accuracy six steps. In addition, GCRF outperformed MLR in all time steps for all AAA and carotid bifurcation datasets. The average values of R 2 calculated across all time steps show that the GCRF model outperformed both unstructured predictors. These results confirm the second hypothesis of our paper, i.e., taking spatial correlation into account improves prediction accuracy of WSS distribution through time.
Figs. 4 and 5 show the distribution of WSS through time, calculated by FEM and predicted by the GCRF model. Due to lack of space, we showed results only for one randomly chosen test example from AAA and carotid bifurcation datasets in five time steps (t 1 , t 3 , t 5 , t 7 , and t 10 ). These figures confirm the ability of machine learning approaches to predict the WSS distribution through time for both geometrically parameterized models.
In addition, we compared running time of FEM and GCRF methods for prediction of WSS distribution of AAA and carotid bifurcation models. Training of the GCRF model for prediction of WSS distribution is a tedious task. However, once trained this model can be utilized to predict WSS distribution in much shorter time when comparing to FEM approach. For instance, average FEM run time for calculation of WSS distribution of testing samples was 5. 
IV. CONCLUSION
In this paper, an application of machine learning techniques to hemodynamic problems was presented. We modeled the relationships between geometric parameters, blood density, dynamic viscosity and velocity of the human carotid bifurcation, and AAA models and the WSS distribution. The goal of this paper is to verify that for geometrically parameterized models, which are simplified comparing to real geometries, machine learning approaches may be used to predict WSS distribution at different cardiac cycle time points. We employed two unstructured predictors, MLP neural network and the MLR model, in order to predict WSS distributions through time. The obtained results showed that on the AAA model both predictors exhibited capabilities of being used for this task, while on the carotid bifurcation model MLP demonstrated much better results in terms of R 2 . In addition, we applied the GCRF model, which leverages the benefits of both unstructured models as well as the similarities between different surface nodes. The results obtained from simulations showed that GCRF was able to improve accuracy on both AAA and carotid bifurcation models. Furthermore, this work shows that the achieved results can be used to aid the assessment of stroke risk for a given patient's data in real time.
Further research will be focused on applying other unstructured multioutput regression models and including them into the GCRF model. In addition, since we used simplified geometrically parameterized models, our further research plan is to use real life data, where machine learning techniques will be tested on patient data. More specifically, we plan to represent a real arterial geometry with an adequate geometrically parameterized model and predict WSS distribution for the simplified model. Thereafter, WSS value of each surface node of the real arterial geometry can be estimated by interpolating WSS values of the nearest nodes of the simplified model. However, real arterial geometries are quite complex and describing them with a set of features that can be further processed by machine learning methods to predict WSS distribution is a challenging task. Therefore, we plan to extend the proposed approach where, in addition to geometrical parameters which can be estimated from medical images, machine learning approaches would also use other node specific descriptors (e.g., coordinates, distance from the central line, local curvature descriptors, cross section area, etc.) to predict the WSS value. In this case, instead of node specific predictors, we would generate a global predictor which would predict WSS values for all nodes belonging to a certain arterial region (for instance all nodes in the internal carotid bulbus region).
